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1. Introduction 

In n-dimensional Euclidean space E n , let if be a convex body with boundary 
d(K), interior int(K) and volume v(K), and let c(K) denote the smallest num- 
ber of translates of int(K) that their union can cover K . In 1955, Levi [2"3"] 
studied c(K) for the two-dimensional convex domains and proved that 



Let P denote an n-dimensional parallelopiped. Clearly, any translate of int(P) 
can not cover two vertices of P. Therefore, it can be deduced that 

c(P) = 2". 

Let B denote an n-dimensional ball. It is easy to see that 

c(B) =n + l. 

In fact, this is true for all n-dimensional convex bodies with smooth boundaries. 

1 This work is supported by the National Science Foundation of China, the Chang Jiang 
Scholars Program and LMAM at Peking University. 




4, if if is a parallelogram, 
3, otherwise. 



Based on these results and some other observations, in 1957 Hadwiger [Tfj] 
made the following conjecture: For every n- dimensional convex body K we have 

c(K) < 2", (1) 

where the equality holds if and only if K is a parallelopiped. 

This conjecture has been studied by many authors. In the course, many 
partial results have been achieved and several connections with other important 
problems such as the illumination problem and the separation problem have been 
discovered (see Bezdek [3J, Boltyanski, Martini and Soltan [7J, Brass, Moser and 
Pach [TU] and Zong (3jZj for general references). For example, Lassak [5T| proved 
this conjecture for the three-dimensional centrally symmetric case, Rogers and 
Zong [37J obtained 

c(K) < | J (n log n + n log log n + 5n) 

for general n-dimensional convex bodies, and 

c(K) < 2™(nlogn + nloglog7i + 5n) 

for centrally symmetric ones. Nevertheless, we are still far away from the solu- 
tion of the conjecture, even the three-dimensional case. 

Let m be a positive integer and let "f m (K) be the smallest positive number 
r such that K can be covered by m translates of rK . Clearly, we have 

lm{K) = 1 

for all m < n, and 

l m {K)> lm+1 {K) 

for all positive integers m and all n-dimensional convex bodies K . 

Let T n denote the set of all non-singular linear transformations in E n and let 
K7 1 denote the space of all n-dimensional convex bodies with the Banach-Mazur 
metric defined by 

\\Ki, K 2 \\ = log min{r : K x C T(K 2 ) C rKi + x; x E E n ; T e T n } . 

By John's theorem (see Section 3) and Blaschke's selection theorem (see [H] ) 
it follows that JC n is bounded, connected and compact. On the other hand, for 
any given positive integer m, it can be shown that j m (K) as a function of K 
defined on JC n is continuous (see Theorem A in Section 3). In addition, we have 

7m (id.) = 7m (Ki) 
whenever ||iTi, ii^ll = 0. Then we define 

r(n,m) = max{7 m (iT)} 
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and 



7(n,m) = min { 7m (iT)}. 



Note that j m (K) is continuous on /C™ and /C™ is compact. It is easy to see 
that (1) holds for all n-dimensional convex bodies K if and only if 

T2»(K) < 1 

holds for all K e JC n . Therefore, it is equivalent to 

r(n,2 n ) < 1. 

Thus, Hadwiger's covering conjecture can be encoded into the functions j m (K) 
defined on the space JC n . 

In this article, based on some nice properties of "f m (K) and JC n , we suggest 
a four-step program (see Section 3) to approach Hadwiger's conjecture as well 
as Borsuk's conjecture. In addition, we study the values of -f m (K) for some 
particular m and K. Among other things, the following results are proved: 

Theorem 1. Let K be a bounded three-dimensional convex cone (the convex 
hull of a convex domain and a point which is not in the plane of the domain), 
then we have 

ls(K) < I 

Theorem 2. Let K p be the unit ball of the three-dimensional i v norm, in other 
words, 

K p = {(x,y,z): \x\* + \y\* + \z\* < 1} . 
For all p satisfying 1 < p < +oo we have 

2. The two-dimensional case, a brief review 

The values of 7(2, m) and T(2, m) have been studied by several authors. Clearly, 
we have 

7 (2,2) = r(2,2) = r(2,3) = l 
and, by considering the area measures, 

7(2, m) > -L 
Jm 



However, for the nontrivial cases, it is not easy to determine the exact values 
of 7(2, m) and r(2,m). We list the known results in Table 1 and Table 2. 

Remark 1. By T(2, 2 2 ) = ^J~2/2 it follows that every two-dimensional convex 
domain K can be covered by four translates of ^K. As shown in Table 2, the 
values of T(2, 5) and T(2, 6) have not been determined yet. 
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J.F. Belousov [I] 


S. Krotoszynski [3D] 


S. Krotoszynski [3D] 
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Authors 




M. Lassak [22] 


?? 


?? 


F.W. Levi [23] 


F.W. Levi [23] 



Table 2 



3. A four-step program for Hadwiger's conjecture 
and Borsuk's conjecture 

First, let us introduce a basic result about 7 m (if). 

Theorem A. For any pair of positive integer m and n, the function j m (K) is 
continuous on K7 1 . 

Proof. Let A and r be positive numbers, r < 1, let K be an n-dimensional 
convex body, and let x< be m suitable points. Assume that 

lm{K) = r 

and 

m 

KC \J(rK + Xi). 
i=i 

For each point x G K, there is a corresponding point y £ K and an index i 
satisfying 

x = ry + Xj. 

Thus we can deduce 

Ax = A7'y + Ax.; 

and 

m 

XK C \J (XrK + Xx,) . (2) 

i=l 

Let e be a small positive number and let if' be any n-dimensional convex 
body satisfying 

\\K,K'\\ <log(l + e). 
In other words, without loss of generality, we may take 

K C if' C (l + e)if. 
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Then, by (2) we have 

m 

K' C (l + e)K C (J ((l + e )rif + (1 + e)xi) 

i=l 

C |J((l + e )rX' + (l + e)x l ), 



which implies that 
Similarly, we can get 
and therefore 



Jm(K') <r + er< j m (K) + e. 
l m {K)< lm (K')+e 
h m (K')- lm (K)\<e, 



which means that the function j m (K) is continuous at K. The theorem is 
proved. <0 

Remark 2. In fact, it follows from the proof that j m (K) is uniformly contin- 
uous on JC n . 

Let B n denote the n-dimensional unit ball centered at the origin. In 1948, 
F. John [18] proved the following result: 

John's theorem. For each n-dimensional convex body K there is an non- 
singular linear transformation T € T n such that 

B n C T{K) C nB n . 

Let JC n denote the set of all convex bodies K satisfying 

B n C K C nB n . (3) 

By John's theorem we have 

T(n,m) = max "f m (K). 

Definition 1. Let (3 be a positive number, and let ifi, K2, K^ n ^ be 
l(n, p) convex bodies in /C™, where l(n,f3) is an integer depending on n and /3. 
If for any K £ /C™ there is a corresponding i-Q satisfying 

\\K,K4<p, 

then we call N = {Ki,K 2 , • • • , -?Q(„,^)} a /3-net in /C". 
Remark 3. Defining 

8(X„/3) = {/fer : Kill </?}, 
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it is easy to sec that N = {Ki,K 2 , • • • , K^ n j^} is a /3-net in JC n if and only if 

i=l 

The existence of the /3-nets in JC n is guaranteed by the following lemma 
which seems important in the study of JC n . 

Fundamental Lemma. For each pair {n, (3} of positive integer n and positive 
number (3 there is a corresponding integer l(n, (3) such that JC n has a (3-net of 
l(n, P) elements. 

Proof. Let 9 be a small positive number and assume that 

X = {xi,x 2 , • • • ,x c ( n 0)} 

is a subset of d(nB n ) such that the c(n, 9) caps (6B n + Xj) n d(nB n ) form a 
covering on d(nB n ). For convenience, we use 9' to denote the spherical radii of 
the caps. 

Let to be a large integer and define 

X i;ro = {lx i + ^i)x i: j = 0,l,...,m} 

and 

V = { conv{y 1 , y 2 , • • • , y c{nfi) } : y» e X iyTn } . 

Note that ^x^ e d(B n ). We proceed to show that V is a /3-net in JC n provided 
both 1/0 and m are large enough. In fact, guaranteed by John's theorem, it is 
sufficient to prove that V is a /3-net in JC n . 

Assume that K is an n-dimensional convex body satisfying 

B n C K C nB". 

Let pi be the point in n which is the furthest to the origin. Then we 
define 

P = COra>{pi,P2,"-,Pc(n,0)} 

and 

= | P, if Pi = Xj 

I Pi + ^— i x l otherwise. 

^ r ' ran L 

Clearly the c(n,6) caps (^B n + ^Xj) n d(B n ) form a covering on d(B n ) and 
therefore we have 

(1 -i)B"CPC if. (4) 

Let Ci denote the cone with vertex o over the cap (0B n + Xj) (~l d(nB n ), let 
x be a point which is on the boundary of if and belongs to Cj, and let H be a 
two-dimensional plane passing o, pi and x. As shown in Figure 1, T\ is tangent 
to (f - %)B n n H at wi and passing q i7 T 2 is tangent to (1 - n J? at 
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Figure 1 



w 2 and passing p^, the straight line determined by o and x intersects T, at Vj. 
It follows by convexity that the point x is between Vi and v 2 . By elementary 
geometry, letting d(ui, u 2 ) denote the distance between Ui and u 2 , we get 

d(vi,v 2 ) < d(q_i, vi) + d(pi,ca) + d(v 2 ,Pi) 

= (d(wi, vi) - d(wi,qj)) + d(pi,qi) + (d(w 2 ,p;) - d(w 2 ,v 2 )) 

< (i |) . tan (arccos g + (?) - yfc - (1 - + ^ 



where 



6' = 2arcsin| r . 



For convenience, we abbreviate the final complicated function as f(n, m, 9). Let 
p denote the point on the boundary of P and in the direction of x. Then we 
have 

d(o,x) < d(o,p) + d(vi,v 2 ) <1 f(n,m,0) 
d(o, p) ~~ d(o, p) ~~ 1 — 6/n 

and therefore 

Kc(l + P. (5) 

In addition, for any fixed n, it can be shown by a routine argument that 

lim ^M) = Q 
m eZo 1-9/n 

As a conclusion of (4), (5) and (6), for any given pair of n and j3 there is a 
set V of Z(n, (i) polytopes such that for each K e JC n there is a P e P satisfying 

11^,^11 </?• 

The lemma is proved. <0 
Since 

log(l + x) < x 
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holds for all x > 0, it follows by (4) and (5) that V will be a /3-net in JC n if 

/(n, to, 0) 



1-0/n 



< (7) 



By a routine computation one can deduce that, when both m and 1/9 are 
sufficiently large and n is fixed, 

f(n,m,9)~2n9+^ < 3n (9 + i) . 

Therefore, when /3 is small, (7) can be guaranteed by taking 6 = J~ and to = 
\Jjf\ . In this case, we have 

9' = 2arcsin T ^. 

According to Boroczky and Wintsche [8] there is a cap covering satisfying 

c(n, 6») < c • ra ^ C os 0' sin"" 0' • log(2 + n cos 2 0') 
< c • 14™ • ti 2 ™ +3 • 

where c is a suitable constant. Thus, there is a /3-net A/" = {-Ki, -K21 • ■ • , Ku n m} 
in /C™ satisfying 



, c-14'*-n 2,,+3 -/3 



Remark 4. Clearly, to estimate the minimal cardinality of the /3-nets in K7 1 
and to construct the corresponding good /3-nets are challenging problems. 

The philosophy of our program. If Hadwiger's conjecture is true in E n , 
since 72™ (-?0 is continuous on JC n and K7 1 is compact, then there is a positive 
number c„ < 1 such that 

72"0fQ<c„ (8) 

holds for all K 6 JC n . On the other hand, if (8) holds with certain c„ < 1 for all 
convex bodies K <E JC n , then Hadwiger's conjecture is true in E n . Since 72^ {K) 
is continuous on JC n , there is a positive number /3 such that 

| 7 2"(^)-72»(^0l<l(l-Cn) (9) 

holds whenever \\K, K'\\ < f3. If we can construct a /3-net 

N ={K 1 ,K 2 ,---,K M ) 

for this particular /3 and can verify (with the assistance of a computer if neces- 
sary) 

72» (Ki) < c n 
for all Ki € J\f, then by (9) we get 

72»(#)<!(1 + Cn) 
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for all K 6 /C™ and therefore Hadwiger's conjecture. 
A four-step program for Hadwiger's conjecture. 

Step 1. In the considered dimension, for example n — 3, study the values of 
72" (K) for some particular convex bodies K and therefore choose a possible 
candidate constant c„ for (8). 

Step 2. Choose a suitable positive number (3 to guarantee (9), based on a close 
study on the function j2 n (K) . 

Step 3. Construct a suitable /3-net N based on the fundamental lemma. 
Step 4. Verify that 

j2«(Ki) < c n 

holds for all Ki £ JV (with the assistance of a computer if necessary) . 

Remark 5. In principle, the conjecture can be proved in E n by our program 
if it is true in this particular dimension and if the computing facility is efficient 
enough. Clearly the set V can be much reduced in cardinality. 

Let d(X) denote the diameter of a bounded set X in E n . In other words, 

d(X) = sup{d(xi,x 2 ) : X* € X}, 

where d(xi,X2) denotes the Euclidean distance between Xi and x 2 . In 1933, 
Borsuk [9] made a conjecture that each bounded n- dimensional set X can be 
partitioned into n + 1 parts X\, X^, ■ ■ •, X n+ i such that 

d(Xi)<d(X), i= l,2,---,n + l. 

This conjecture has attracted much attention. The two-dimensional case was 
proved by Borsuk himself, the three-dimensional case was first proved by J. 
Perkal [26 in 1947, and the case of sufficiently high dimensions was disproved 
by J. Kahn and G. Kalai [19] in 1993. For a survey on this conjecture we refer 
to Zong [32] ■ Up to now, it is still open for 4 < n < 297. 

It is known in convexity that for each bounded set X there is a convex body 
X of constant width satisfying both X C X and 

d(X) = d{X). 

Therefore, to study Borsuk's conjecture it is sufficient to consider all convex 
bodies of constant width 1. 

Let r(K) and R{K) denote the radii of the maximal insphere and the min- 
imal circumsphere of an n-dimensional convex body K of constant width 1, 
respectively. It is known in convexity (see |11| ) that 

1 - \hr^ < r{K) < R{K) < J-^—r. 
V 2n + 2 ~ v ' ~ v ' ~ V 2n + 2 
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For convenience, we take 



2n + 2 / V V 2n + 2 



V2n 2 + 2n + n 



and define /C™ to be the set of all n-dimensional convex bodies K satisfying 
B n C K C ix n B n associated with the Hausdorff metric \\ ■ ||*, where 

||#i,#2|r = min {^ : Ki C K 2 +rB'\ K 2 C ifi +rS"}. 

Then, we define ip m (K) to be the minimal number r such that -fT can be parti- 
tioned into m parts K i , , • ■ • , K m such that 

< r ■ d(K) 

holds for all i = 1, 2, • • 

It is easy to sec that /C™ is compact and, for any positive integer m, ip m (K) 
is continuous on K. n . To prove Borsuk's conjecture, it is sufficient to show 

f n +i{K) < c n < i, k e ic\ 

Therefore, in a given dimension, for instance n — 4, Borsuk's conjecture should 
be approachable by a four-step program similar to that for Hadwiger's conjec- 
ture. 

Remark 6. It was shown (see Griinbaum [15]) that 

MK) < ^ 
holds for all two-dimensional K, and 

M K ) < 0-9887 
holds for all three-dimensional K. 



4. The covering functions on /C 



In this section, among other things, we will prove Theorem 1 and Theorem 2. 
As a consequence, we give some insight to a reasonable estimate for the constant 
C3 defined in the previous section. First, let us introduce two lemmas. 

Lemma 1 (Besicovitch [2j). Each two-dimensional convex domain has an 
inscribed affine regular hexagon. 

Remark 7. Affine regular hexagons are the imagines of a regular hexagon 
under non-singular linear transformations. 

Lemma 2. Let K be a two-dimensional convex domain, let X be a real number 
satisfying < A < 1, and let {xi,X2,X3} be an ordered triple on the boundary 
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of K . If {xi, X2, X3} C XK + y, then the whole curve from Xi to X3 passing X2 
belongs to XK + y. 

Proof. For convenience, we assume that o € int(K) and y = (0, a). It is well 
known in convexity (see Eggleston |12j ) that the set of regular convex domains 
(each tangent touches K at exactly one point and there is one and only one 
tangent at each boundary point) is dense in K? . Therefore, without loss of 
generality, we assume that K is regular. 



y = /(*) 



V i 

1 












/ ■ ' 


n i \ 
i n \ 

H F-»- 


\ '\ j 




V K 


' A / 




k \y 



Figure 2 

Let Xi = (2:1,2/1) and x 3 = (0:3,2/3) denote the points of d(K) n (Ai^T + y) 
with maximal and minimal x-coordinates, respectively. Let y — f(x) denote 
the curve of d(K) from x 3 to Xi, and let y = g(x) denote the above part of 
d(XK) + y in the strip of X3 < x < xi. By convexity, as shown in Figure 2, we 
have 

5(^3) > f(x 3 ), 

g{x\) > f(xi), 

g'{x) = f{\x) > f'{x) 



for X3 < x < 0, and 



g'(x)=f'ax)<f'(x) 



for < x < x\. Thus, we get 

g(x) - f(x) = g(x 3 ) - f(x 3 ) + f \g\t) - f(t))dt > 

J x 3 

when X3 < x < 0, and 

g(x) - f(x) = g( Xl ) - f(xx) + (\f'{t) - g'(t))dt > 

Jo 

when < x < X\. Therefore, by convexity, the whole curve y = f(x) belongs to 
XK + y. The lemma is proved. <0> 
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Corollary 1. Let K be an n- dimensional convex body, X be a real number 
satisfying < A < 1, R be a closed region on d(K) with boundary V and a 
relatively interior point p. // 

T U {p} C \K + y 
holds for some point y, then we have 

RcXK + y. 

Proof of Theorem 1. Let K be a three-dimensional cone over a convex 
domain D. By Lemma 1, there is an affine regular hexagon H inscribed in D. 
Without loss of generality, we assume that v = (0, 0, 1) is the vertex of K, H is 
perpendicular to v and centered at the origin o = (0, 0, 0). 




Figure 4 



Let vi, V2, ■ ■ ■, V6 be the six vertices of H and let mi, ni2, • • •, ni6 denote 
the midpoints of viv 2 , v 2 v 3 , • • •, v 6 vi, respectively. By elementary argument, 
as shown in Figure 3, we have 

{|vi,|v 2 } C |£>+fmi. 
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Thus, by Lemma 2 we get 

6 

\D + lvC{J (iD+fnu + lv), (10) 



i=0 



where m = (0, 0, 0). Similarly, as shown in Figure 4, we have 

{vi,v 2 } C §.D + §mi 

and therefore 

DcUd^+fm,). (11) 

i=0 

On the other hand, we have 

\D + fnii + |v C \K + frrii (12) 

and 

§£>+ frrij C fiT + |m 4 . (13) 
Therefore, by (10), (11), (12), (13) and convexity we get 

7 

i=0 

where my = 5 v. Theorem 1 is proved. <0 

Proof of Theorem 2. 

Case 1. 1 < p < 2. In this case, we take 

r = |x = (x 1 ,x 2 ,x 3 ) : xi = (| ) 5 , x e d(-Kp)} , 

A = ^/|, y = ((§)* ,0,0), and let R denote the part of d(K p ) bounded by V 

and containing (1,0,0). 

For any point x e T, we have 



((!)*) + m p + n p = i, 



\X2\ P + \XZ\ P = 1< 

and therefore 

r C XK p + y. 
On the other hand, it can be verified that 

(1,0,0) € \K p + y. 



v 

2 
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By Corollary 1 we have 

R C XK p + y. 



Therefore, in this case K. p can be covered by the union of XK p ± ^(|) p , 0, 0^ , 
XK P ± (o,(l)p ,0j and XK P ± (o, 0, and thus 



78 (# P ) < 76 (^ P ) < v 3 
Case 2. 2 < p < oo. In this case we define 

I\ = {x = (x 1 ,x 2 ,x 3 ) : Xi=0, Xj > 0,j ^ i, x e d(K p )} , 

r = r 1 ur 2 ur 3 , 

A = ^/|, y = (i, i, |), and let R denote the part of d(K p ) bounded by T and 

containing the point (g) 5 , (|) ? )- 

Let J denote the intersection of K p with the plane X\ = 0, and let J' denote 
the intersection of XK p + y with the plane. It is easy to see that J' is homothetic 
to J. By a routine computation, for all 2 < p < +oo, it can be shown that 

(§)" + 2 <(§)*. 
Thus, both (0, 1, 0) and (0, 0, 1) belong to J'. Consequently, we also have 

(o,(i)±,(i)i) e J'. 

By Lemma 2, we get 

ri c f c a# p + y 

and therefore 

L C XK p + y. 
On the other hand, it can be verified that 

o e Aifp + y, 

3((!)M) P <(§) 5 
and therefore 1 

((§)'. (DM*) 5 ) eA **+r- 

By Corollary 1 we get 

i? C Aifp + y. 

Thus, in this case K p can be covered by the union of the eight translates ^J^K p + 
(±|,±i,±i) and hence 

l,(K p ) < 71 • 
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m 


4 


5 


6 


7 


8 


l m (T) 


3 
4 


9 

13 


? 


? 


? 




1 


1 


2 
3 


2 
3 


2 
3 


lm(K 2 ) 


0.9428 ■ ■ • 


0.8944 • • • 


0.8164- •• 


0.7775 ■ • • 


? 



Table 3 



As a conclusion of the two cases, Theorem 2 is proved. (} 
Remark 8. It was shown by Schiitte [29] that 

la(K 2 ) < sin48°9' = 0.744894 • ■ • < 

Thus, it follows from the proof of Theorem 2 that y| is not the optimal upper 
bound for 7§(-Kp). However, perhaps one can take C3 

Remark 9. Let T denote a regular tetrahedron. The values of 7 m (K) for some 
small m and some particular K are listed in Table 3. The values of 74(^2) 
and 76(^2) were discovered by L. Fejes Toth [TJ] and the values of 75(^2) and 
77(^2) were determined by Schiitte [29] . 

Remark 10. If Hadwiger's conjecture is true for all dimensions, then we have 

I>,2") < 1 
for all n. Nevertheless, it seems that 

lim r(n,2") = 1. 
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